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Abstract
In this paper, the instantaneous undeformed chip thickness is modeled to include the dynamic modulation caused by the tool vibra-
tion while the dynamic regenerative effects are taken into account. The numerical method is used to solve the differential equations gov-
erning the dynamics of the milling system. Several chatter detection criteria are applied synthetically to the simulated signals and the 
stability diagram is obtained in time-domain. The simulation results in time-domain show a good agreement with the analytical predic-
tion, which is validated by the cutting experiments. By simulating the chatter stability lobes in the time-domain and analyzing the influ-
ences of different spindle speeds on the vibration amplitudes of the tool under a fixed chip-load condition, conclusions could be drawn as 
follows: In rough milling, higher machining efficiency can be achieved by selecting a spindle speed corresponding to the axial depth of 
cut in accordance with the simulated chatter stability lobes, and in finish milling, lower surface roughness can be achieved by selecting a 
spindle speed well beyond the resonant frequency of machining system.  
Keywords: high-speed milling; chatter stability lobe; dynamic cutting force; time-domain simulation; cutting parameter optimization  
1 Introduction*
High speed milling has been widely used in a 
variety of industries, such as aerospace craft, auto-
mobiles, moulds and dies and others. Process opti-
mization affects the efficiency of the milling process 
directly. However, chatter is a major factor that 
hampers the milling process optimization. Chatter 
means the dynamic instability material removal rate, 
causes poor surface finish and probably damages 
the tools and the workpieces. Inspired by the current 
requirements of highly automated manufacturing, 
the establishment of accurate cutting force and 
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chatter models is especially urgent for realizing 
high-efficient, high-quality and low-cost milling.  
Taylor firstly discovered and described chatter 
in 1907, but only as late as in the 1950’s, Tobias[1]
and Tlusty[2] began the study of machine chatter 
with establishment of the basis of the regenerative 
chatter theory. They identified the structural dy-
namics of the machine tool and the feedback of the 
subsequent cutting on the same cut surface as the 
utmost important source of the self-excited regen-
erative vibration. Sridhar et al[3] firstly introduced 
the time-varying directional cutting force coeffi-
cients in modeling the chatter stability of milling. 
Minis and Yanushevsky[4] used Floquet’s theorem 
and the Fourier series to formulate the milling sta-
bility, and numerically solved it using the Nyquist 
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criterion. Altintas and Budak[5] developed a stability 
approach enabling to make an analytical determina-
tion of stability limits. This approach was verified 
by experimental and numerical results. 
Used to predict chatter stability lobe in milling 
process, the analytical approach is also termed the 
frequency approach, by which the chatter-free cut-
ting conditions including spindle speed, axial and 
radial depth of cut could be found. Also, it is helpful 
in fast generating stability lobe diagrams. Neverthe-
less, the prediction precision of this approach is 
relatively low because some simplifications and 
assumptions have been introduced in modeling. As 
an alternative, modeling in the time-domain is rela-
tively precise because it allows for the nonlinearity 
of machining system. 
The time-domain model is used to predict the 
cutting forces, the torques, the power, the dimen-
sional surface finish and the amplitudes and fre-
quencies of vibration in a milling operation. With 
this method, Ismail and Tlusty[6] described the dy-
namic behaviors of milling and investigated the 
boundary zone between the stable and the unstable 
conditions. Lee et al[7] studied the effects of the dy-
namics of workpieces on the milling process. Altin-
tas and Spence[8] presented a much more detailed 
cutting mechanics model to predict the cutting 
forces in end milling. Ko and Altintas[9] developed a 
time-domain model for plunge milling operation. In 
this model, two lateral x, y vibrations, an axial z and 
a torsional T vibration are considered and the 
fourth-order Runge-Kutta method is used to solve 
the differential equations thus predicting the vibra-
tion under the cutting forces and torques applied to 
the plunge mill. Lazoglu et al[10] presented a mathe- 
matical model and a computational algorithm for the 
time-domain solution of boring process dynamics. 
In this model, also the fourth-order Runge-Kutta 
method is used in numerically integrating the state 
space equation. 
It is noted that although the time-domain model 
is quite helpful, the time-domain simulation of the 
dynamic milling process still lacks a clear chatter 
stability criterion.  
Smith and Tlusty[11] outlined the use of peak- 
to-peak (PTP) diagrams to evaluate the results of the 
multiple runs of a time domain simulation of a 
milling process. Campomanes and Altintas[12] pro-
posed a non-dimensional chatter coefficient based 
upon the predicted chip thickness. In this method, 
the maximum chip thickness that occurs during a 
simulation with the flexible machine system is 
compared to that with the rigid system. Li et al[13]
suggested a similar approach, in which the coeffi-
cient is calculated with the resultant forces rather 
than the chip thickness. Bayly et al[14] used another 
approach that applied signal processing techniques 
to the simulated tool displacement data. Schmitz[15]
sampled the data once per tooth revolution and cal-
culated the statistical variance of the signal, making 
the large variance the good indicator of chatter. 
Sims[16] proposed a new chatter criterion for the 
time-domain milling simulation in order to over-
come this drawback by considering the transient 
response of the modeled behavior in stead of the 
steady-state response. It is proved that in many 
cases the new criterion enables the numerical pre-
diction to be made over five times faster than the 
old one. However, this method is only applicable to 
the tools with regular pitch teeth. 
This paper presents a predictive time-domain 
chatter model for the simulation and analysis of the 
dynamic milling process and makes synthetic use of 
several chatter stability criteria to overcome the 
limitation imposed by the single chatter stability 
criterion. In order to take into account the dynamic 
regenerative effects, the instantaneous undeformed 
chip thickness is modeled to include the dynamic 
modulations caused by the tool vibrations. The cut-
ting forces are calculated based on the instantaneous 
undeformed chip thickness, the cutting conditions, 
the properties of the workpiece material and the tool 
geometry as well as the dynamics of milling system. 
Further more, directives are given on the determina-
tion of the cutting conditions in rough and finish 
milling.  
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2 Modeling of the Dynamic Milling  
     Process  
To facilitate the following analysis and treat-
ment, an existing instantaneous cutting force model 
is introduced. A milling system can be reduced to 
2-DOF vibration system in the two orthogonal di-
rections as shown in Fig.1[17]. The dynamics of the 
milling system can be described by the differential 
equations:
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where mx and my are the masses, cx and cy the 
damping coefficients, kx and ky the stiffness of the 
machine tool structure in modes x and y, respec-
tively, Fxj and Fyj the components of the cutting 
force applied to the jth cutting tooth in the x and y
directions, N is the number of the cutting teeth.  
Fig.1  Dynamic model of milling system. 
In dynamic milling process, the cutting forces 
cause both the cutter and the workpiece to vibrate 
on the cutting surface. Each vibrating cutting tooth 
removes the wavy surface left by the previous tooth 
resulting in modulated chip thickness which can be 
expressed as 
0 0
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where ft is the feed rate per flute, I j  the angular 
immersion of the tooth j, and uj, 0ju are the dynamic 
displacements due to the tool and workpiece vibra-
tion for the current and the previous tooth passing 
period, the subscripts c and w are the cutter and the 
workpiece respectively, ( )I jg  is a unit step func-
tion which determines whether the tooth is in or out 
of the cutting. If stI  and exI  represent the entry and 
exit immersion angles of the cutter into and from the 
cutting, respectively, ( )I jg  can be determined by 
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By dividing the cutting edges into M disks in 
the axial direction, the radial immersion angle at the 
lth plate on jth cutting edge of a cutter with a con-
stant pitch angle )p = 2S/N can be approximately 
expressed as 
p
tan( 1) EI M   jl
lj
MR
 (4) 
where M is the angular displacement of the first 
tooth, E the helix leading angle, R the radius of the 
cutter. 
For the given angular position Ij of the tool, 
the dynamic displacements of the cutter and the 
workpiece can be expressed in the fixed coordinate 
system as 
p p psin cos    (p c, w)j j ju x yI I       (5) 
Usually, 0ju is modulated by the previous tooth 
( j–1). However, this is not always the case because 
the amplitude of oscillation might be large enough 
to make the tooth ( j–1) lose contact with the surface 
being machined and then 0ju is outer modulated by 
the tooth ( j–2) or even by the teeth ( j–3), ( j–4) etc. 
This is the basic nonlinearity of the dynamic milling 
process. For an approximation, the outer modulation 
is generally given by 
0
1 2 3min{ ( ), ( 2 ), ( 3 ), }      "j j j ju u t T u t T u t T  (6) 
where T=2S/(Nn) is the period between successive 
tooth engagements, and n the spindle speed. 
When the linear-edge force model[9] is applied 
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to each disk, the differential cutting forces acting 
upon the element l with a depth dz of the tooth j in 
the tangential, radial and axial direction can be 
given by 
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where Ktc, Krc, Kac are the tangential, the radial and 
the axial cutting force coefficients; Kte, Kre, Kae the 
tangential, the radial and the axial edge force coef-
ficients.
Through the coordinate transformation, nu-
merical integration in the axial direction and sum-
mation of cutting forces on all cutting teeth, the in-
stantaneous cutting forces acting on the whole cutter 
in the feed, normal to the feed and the axial direc-
tions can be expressed as 
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3 Numerical Solution of the Dynamic  
  Equations of Milling Process 
Since the milling system governed by cutting 
forces can not be expressed as simple analytical 
functions, nor can the dynamic differential equa-
tions be integrated in an analytical way. In addition, 
if the current chip-load on a cutting tooth numbered 
j becomes less than zero, i.e. ( ) 0I jh , this tooth 
will be clear of the cutting due to the present or pre-
vious vibration, thus rendering the system nonlinear. 
Therefore, numerical methods should be resorted to 
solve these differential equations. These are gener-
ally regarded as time-domain simulation methods in 
the field of chatter analysis. 
Numerical solution is an approximate solution, 
in which the continuous time variable t is replaced 
by the discrete time variable ti, and the differential 
equations are solved progressively in time incre-
ment dt = ǻt, starting with known initial conditions. 
For example, the differential equation in x direction 
can be written into 
1 ( ( ) )   x x x
x
x F t k x c x
m
        (9) 
The initial conditions x0 and 0x  are predeter-
mined by 
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Let  x q , Eq.(9) is reduced to the following 
two first-order equations 
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For simplicity, the library function ode45 of 
MATLAB is used to solve the ordinary differential 
equations. Based on the explicit Runge-Kutta 
method, ode45 has 4th order computational accu-
racy, and its syntax is  
[T, Y] = ode45(odefun, tspan, y0, options) (12) 
where odefun is used to define the right-side ex-
pression of the differential equation while tspan  
the time interval vectors for integration [t0 tf], y0 is 
the initial condition vector, options is used to mo- 
dify the default value of the numerical integration, T
is the column vector of time interval, and Y the so-
lution series. 
Although decreasing dt increases solution pre-
cision, the computation time will be prolonged. A 
realistic method is to make dt satisfy the condition 
of maxd 2 /(10 )nt Zd S , where maxnZ  is the highest 
natural frequency of the machining system. 
Starting with the initial conditions, Eq.(10), the 
instantaneous cutting forces are first obtained from 
Eq.(11). Then the displacement and velocity of the 
cutter in x and y directions at this time are from 
Eq.(12). By repeating the above-mentioned process, 
the solution of the machining system in the time- 
domain can be achieved. Fig.2 shows the flowchart 
of the simulation. 
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Fig.2  Flowchart of the simulation system for dynamic mill-
ing forces. 
4 Solution of the Chatter Stability in the
 Time-domain 
When the simulated data in time-domain is 
acquired under given cutting conditions, it is re-
quired to ascertain, based on the calculated data, 
whether the simulated cutting is stable or unstable. 
This needs a chatter detection criterion first. 
The chatter criteria in time-domain comprise 
the following four standards in synthetic use:  
(1) Fast fourier transform (FFT) was done on 
the simulated data, and the ratio of the amplitude at 
cutting frequency harmonics to the overall ampli-
tude at all frequencies, Kp, can be used as a chatter 
detection criterion. When Kp < 0.8, the milling proc-
ess is unstable. 
(2) The ratio of the maximal cutting forces that 
occur during simulation with a flexible machining 
system to those with a rigid system, Kf, can be used 
as the criteria for evaluation. As Kf > 1.3, the milling 
process is unstable.  
(3) The ratio of the maximal chip thickness that 
occurs during simulation with a flexible machining 
system to that with a rigid system, Kc, can be used 
as the criteria for evaluation. As Kc > 1.3, the mill-
ing process is unstable.  
(4) The tool displacement data are collected 
once per tooth revolution and their statistical vari-
ances are calculated. The variance, 2V , of the sam-
ple distribution consists of n1 values of xi, is calcu-
lated according to Eq.(13) , where x  is the mean or 
arithmetic average of the samples  
1 2
2 1
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ii x x
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¦           (13) 
When 2V  > 1.0 Pm2, the cutting is unstable. 
The solution procedure in the chatter stability 
diagram in the time-domain is consisted of:  
Step 1  Conduct time-domain simulation to 
obtain the cutting forces and displacements. 
Step 2  Ascertain if the simulated cutting is 
stable or unstable according to the chatter detection 
criterion.
Step 3  Repeat Step 1 and Step 2 with a dif-
ferent axial depth of cut to obtain the critical depth 
of cut under the given spindle speed. 
Step 4  Alter the spindle speed by a given step 
size and repeat Step 1-3 to obtain the corresponding 
critical depth of cut at this spindle speed. 
Step 5  Plot the spindle speeds against the 
critical depths of cut to acquire the chatter stability 
diagram for the simulated milling system. 
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5 Experimental Verification 
The verification tests were conducted on a 
5-axis vertical machining center HERMLE C404, of 
which the maximal spindle speed was 8 000 r/min. 
The tool used in the tests was a 2-flute carbide solid 
milling cutter with a diameter of 12 mm. The over-
hang length is 70 mm. The workpiece material was 
Al7075. The cutting force coefficients obtained by 
identification tests were: Ktc = 796 N/mm2, Krc = 
168 N/mm2, Kac = 222 N/mm2, Kte = 27.7 N/mm, Kre
= 30.8 N/mm, and Kae = 1.5 N/mm. 
The test system included a MSC-1 impact 
hammer with a 500 kg force sensor, a YD67 type 
mini acceleration sensor with a sensitivity of 0.3 
PC/(m·s–2) and a frequency range between 1-18 000 
Hz, a DLF-3 type two-channel charge amplifier, a 
AD8304 type four-channel data acquisition unit and 
the system DynaCut V1.0 for the dynamic test and 
analysis of machining system[18].
Fig.3 shows the modal test apparatus. Hammer 
tests were carried out in both x and y directions to 
achieve the frequency response functions in those 
two directions. Fig.4 shows the obtained frequency 
response functions (FRFs). Table 1 lists the modal 
parameters of the milling system gained with the 
orthogonal polynomial identification method. 
Using the above-mentioned method, the time- 
domain chatter stability solution of slot milling 
( st ex0,I I  S ) was gained. On the other hand, the 
analytical solution of chatter stability had already 
been published with a dynamic simulation system 
for milling, named SimuCut[19]. By comparison, as 
shown in Fig.5, both the time-domain solution and 
the analytical solution are in good agreement with 
the experimental results. 
Fig.3  Schematic diagram of hammer test. 
Fig.4 FRFs of the testing milling system. 
Fig.5  Comparison of the chatter stability simulation results 
with the experiment results. 
Table 1  Modal parameters of the testing milling system 
Direction No. Natural frequency Ȧn/Hz 
Damping ratio 
[
Stiffness 
K/(N·m–1)
1 1 198 0.041 1.20×107
2 1 389 0.048 1.30×107x
3 1 586 0.027 3.70×106
1 1 214 0.071 1.24×107
2 1 428 0.049 1.52×107y
3 1 591 0.031 3.56×106
6 Results and Discussion 
To reveal the time-domain features at different 
positions in the chatter stability diagram, simula-
tions were conducted under cutting conditions cor-
responding to point A and B in Fig.5. Point A is lo-
cated in the chatter region, the spindle speed is   
13 500 r/min and the depth of cut is 0.3 mm. Point B
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is located in the stable region, the spindle speed is  
15 900 r/min and the depth of cut is 0.9 mm. The 
cutter vibration in y direction is shown in Fig.6 and 
FFT of the simulated data is shown in Fig.7. The 
motion locus of the cutter is shown in Fig.8. Where 
ae is radial depth of cut, ap is axial depth of cut. 
(a) Chatter (n=13 500 r/min, ae=12 mm, ap=0.3 mm) 
(b) Stable (n=15 900 r/min, ae=12 mm, ap=0.9 mm) 
Fig.6 Vibration of the cutter in y direction. 
(a) Chatter (n=13 500 r/min, ae=12 mm, ap=0.3 mm)
(b) Stable (n=15 900 r/min, ae=12 mm, ap=0.9 mm)
Fig.7  FFT of the cutter vibration in y direction. 
(a) Chatter (n=13 500 r/min, ae=12 mm, ap=0.3 mm)
(b) Stable (n=15 900 r/min, ae=12 mm, ap=0.9 mm) 
Fig.8  Cutter motion locus. 
The vibration of the cutter in y direction shows 
that the cut corresponding to point B is stable, but 
the cut corresponding to point A is unstable. The 
ratio of the maximal dynamic cutting force to the 
static cutting force also supports this observation. 
FFT of the simulated vibration of cutter in y direc-
tion shows that when milling under the cutting con-
ditions corresponding to point B, the energy is al-
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most concentrated on the harmonics of the tooth 
passing frequency of 530 Hz, but, under the cutting 
conditions corresponding to point A, it is nearly not 
concentrated on 450 Hz. The cutter motion locus 
shows that, at point B, the tool vibrates in both or-
thogonal directions synchronous with the spindle 
rotation and returning to almost the same position in 
each revolution, but at point A, it does, however, 
asynchronous with the spindle rotation and falling 
into violent disorder. This is proved by the statistical 
results ( 2 211.4 ȝmAV  ,
2 5 21.86 10  ȝmBV
 u ).  
Although the axial depth of cut at point B is 
larger than that at point A, the former cutting ap-
pears stable, while the latter chatter. This might be 
attributable to the fact that even though every cut-
ting leaves behind a wavy surface on the machined 
part, owing to the resonant relationship there to be 
between the tooth passing frequency at point B and 
the inherent frequency of the machining system, 
which makes the vibration phases of the current and 
the previous cuttings synchronize, the chip thick-
ness remains almost unchanged thereby rendering it 
uneasy to chatter. Nevertheless, the same is not true 
at point A.
The chatter stability diagram in Fig.5 shows 
that there exist large stability lobes at the harmonics 
of the natural frequency of the milling system, 
which correspond to the spindle speeds of 15 900 
r/min, 11 920 r/min and 9 540 r/min. The closer to 
the natural frequency of the milling system, the lar-
ger the stability lobe[20] and the more its usefulness. 
In rough milling, cutting at the spindle speed near 
the harmonics of the natural frequency of the ma-
chining system could enhance the efficiency. 
To reveal the effects of the spindle speed on the 
vibration of the cutter as well as the roughness of 
the machined surfaces, time-domain simulations 
were conducted under the constant chip-load condi-
tion with fixed axial and radial depth of cut and a 
feed-rate per flute but at different spindle speeds. 
Fig.9 shows the relationship between the amplitudes 
of the cutter in y direction and the spindle speeds. 
From the figure, it follows that even under the con-
stant cutting load of the maximal cutting force in y
direction being 16.0 N, distinctive differences exist 
among the amplitudes in y direction at different 
spindle speeds. Moreover, there is observed to be a 
marked peak near the harmonics of the natural fre-
quency of the milling system with the shape much 
similar to the chatter stability diagram. Since there 
being a positive correlation between the roughness 
of the machined surface and the amplitudes of the 
cutter in y direction, it is surmised that as the tooth 
passing frequency comes close to the harmonics of 
the natural frequency of the machining system, the 
machined surface would turn rougher, which is veri-
fied by cutting tests too. Fig.10 shows that when 
cutting at the spindle speeds n = 16 000 r/min or n = 
12 000 r/min, the resultant roughness of the ma-
chined surface is rather poor. Therefore, when de-
termining the cutting conditions for finish milling 
with a strict tolerance in general, the spindle speed 
should be selected well beyond the harmonics of the 
natural frequency of the machining system. 
Fig.9  Relationship between the maximal amplitudes of vi- 
bration in y direction of the cutter and the spindle 
speeds (ae = 12 mm, ap = 0.2 mm, ft = 0.1 mm/flute). 
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Fig.10  Comparison of the machined surface cut under the 
same cutting load and at different spindle speeds 
(ae= 12 mm, ap= 0.2 mm, ft = 0.1 mm/flute). 
7 Conclusions 
When a numerical approach is used to solve 
the differential equations of the milling dynamics, 
could be acquired the time-domain data, such as the 
cutting forces, the torques, the power, the ampli-
tudes and the frequencies of vibration during a 
milling operation. These simulated data in time- 
domain exactly reflect the non-linearity in milling 
and can be used as a reference to determine cutting 
conditions.
Based on the simulated data, the time-domain 
chatter stability diagram is obtained by applying the 
above-mentioned chatter detection criteria syntheti-
cally to the simulated data. Verification tests were 
conducted to confirm the time-domain chatter sta-
bility diagram. 
By simulating under different cutting condi-
tions with the proposed chatter stability simulation 
system in the time-domain, the following conclu-
sions could be drawn: In rough milling, higher ma-
chining efficiency can be achieved by selecting a 
spindle speed and the corresponding axial depth of 
cut according to the simulated chatter stability lobe 
of the milling system, and in finish milling, lower 
surface roughness can be achieved by selecting a 
spindle speed well beyond the resonant frequency of 
the milling system. 
For the complicated milling processes with 
complicated tool geometry or time-varying cutting 
conditions which the classical analytical approach 
could not be applied to, the proposed time-domain 
approach is bound to be an ideal substitute.  
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